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The Scale Magnetic Effect (SME) is the generation of electric current due to conformal anomaly
in external magnetic field in curved spacetime. The effect appears in a vacuum with electrically
charged massless particles. Similarly to the Hall effect, the direction of the induced anomalous
current is perpendicular to the direction of the external magnetic field B and to the gradient of
the conformal factor τ , while the strength of the current is proportional to the beta function of the
theory. In massive electrodynamics the SME remains valid, but the value of the induced current
differs from the current generated in the system of massless fermions. In the present paper we
use the Wigner–Weyl formalism to demonstrate that in accordance with the decoupling property
of heavy fermions the corresponding anomalous conductivity vanishes in the large-mass limit with
m
2 ≫ |eB| and m≫ |∇τ |.
I. INTRODUCTION
Anomalous transport phenomena have attracted wide
attention of the scientific community in recent years [1,
2]. The anomalous transport is associated with quantum
anomalies [3] which break original symmetries of classical
systems due to quantum fluctuations. The axial anomaly
and the mixed axial-gravitational anomaly are suggested
to lead to various transport phenomena such as the Chi-
ral Magnetic [4, 5], Chiral Separation [6, 7] and Chiral
Vortical [8, 9] Effects that generate both electric (vec-
tor) and axial (pseudovector) currents as well as energy
flows [10, 11] in usual or in chirally imbalanced matter.
These currents and flows may be directed along the axis
of a background magnetic field or along a vorticity vec-
tor in the case if the matter is rotating. The anomalous
transport appears both in solid state [12] and particle [13]
physics contexts.
The basic rule is that anomalous symmetry breaking
may be associated with a certain (anomalous) transport
law that cannot otherwise appear in a classical system
with an unbroken classical symmetry. Besides the axial
anomalies, certain theories may also exhibit the confor-
mal anomaly associated with breaking of the classical
conformal invariance at the quantum level. In Ref. [14]
it was indeed shown that the anomalous breaking of con-
formal (scale) symmetry in conformally invariant gauge
theories should also lead to emergence of two new trans-
port phenomena, the scale magnetic effect (SME) and
the scale electric effect (SEE), which generate electric
current in electromagnetic field background in curved
spacetime. The SME is a stationary phenomenon which
induces an electric current perpendicularly to the direc-
tion of external magnetic field in a static curved space.
The SEE is a nonstationary effect which is realized in
an external electric field in time-dependent gravitational
background. The generated electric currents are propor-
tional to a beta function of the corresponding theory.
The explicit expressions for the SME and SEE are given,
respectively, in Eqs. (5) and (6) below. Both these ef-
fects appear in the theory with vanishing fermion masses
or with nearly vanishing fermion masses that are much
smaller than the energy scales associated with both ex-
ternal electric/magnetic field and the variations of the
gravitational field.
The aim of the present article is to consider the op-
posite limit when the fermion mass is much larger than
the energy scales given by the external electromagnetic
field and the gradient of the gravitational field. Firstly,
we notice that the SME and SEE phenomena are asso-
ciated with the contribution of the conformal anomaly
to the trace of the energy-momentum tensor in a classi-
cal electromagnetic field background [14]. In the (classi-
cally conformal) massless case this trace is entirely given
by an anomalous contribution which originates from the
change of the integration measure with respect to the
Weyl transformation [15]. In the massive case the trace
of the energy–momentum tensor contains also a non-
anomalous extra contribution emerging due to the ex-
plicit breaking of the conformal symmetry in the clas-
sical Lagrangian. In our article we calculate the non-
anomalous contribution to the scale magnetic effect in
QED using the Wigner-Weyl formalism. We demon-
strate that in the limit of large fermion mass the non-
anomalous contribution cancels precisely the anomalous
contribution coming from the integration measure over
the fermionic fields. Therefore, in agreement with de-
coupling theorems, the scale magnetic effect is strongly
suppressed for sufficiently massive fermions.
The structure of the paper is as follows. The next
three sections are devoted to brief reviews of the scale
magnetic and electric effects (Sect. II), relevant features
of QED in a curved spacetime (Sect. III) and basics of
the Wigner-Weyl approach (Sect. IV). In Section V we
derive the non-anomalous part of the electric current of
SME in QED with massive fermions, and demonstrate
2that it cancels precisely the contribution of integration
measure. The last section is devoted to discussion of our
results.
II. SCALE MAGNETIC/ELECTRIC EFFECTS
A. Masless fermions
Let us consider massless QED with one species of a
Dirac fermion ψ in (3+1) spacetime dimensions:
L = −1
4
FµνFµν + ψ¯iγ
µDµψ , (1)
where γµ are the Dirac matrices, Fµν = ∂µAν − ∂νAµ
is the field strength tensor of the gauge field Aµ and
Dµ = ∂µ + ieAµ is the covariant derivative.
In the massless QED the trace of the classical stress-
energy tensor T µν is identically zero, (T µµ )cl ≡ 0, because
of the conformal invariance of the theory at the classi-
cal level. The theory does not contain a characteristic
energy scale thus implying the invariance of the classi-
cal action S =
∫
d4xL under the scale transformations:
x → λ−1x, Aµ → λAµ and ψ → λ3/2ψ. However quan-
tum corrections make the electric charge e dependent on
the renormalization energy scale, e = e(µ). The appar-
ent non-invariance of the quantum theory on the energy
scale is explicitly manifested in a nonzero beta-function
of the theory:
β(e) =
de
d lnµ
. (2)
As a result, in the background of the classical electro-
magnetic field Aclµ the trace of the stress-energy tensor
becomes nonzero due to quantum corrections [3]:
〈Tαα (x)〉 =
β(e)
2e
F cl,µν(x)F clµν (x). (3)
Below we study the effects in classical background gauge
fields only and therefore we omit hereafter the superscript
“cl” in Aclµ and F
cl
µν .
A simplest way to reveal anomalous transport effects
emerging due to the conformal (scale) anomaly (3) is to
consider the following conformally flat metric:
gµν(x) = e
2τ(x)ηµν , (4)
where ηµν = diag(+1,−1,−1,−1) is the flat Minkowski
metric. Starting from Eq. (3), and assuming that the
conformal factor in Eq. (4) is small |τ | ≪ 1, one can
show that in the curved background (4) the conformal
(scale) anomaly generates an anomalous electric current
in the presence of the background of magnetic field B:
J =
2β(e)
e
∇τ(x) ×B(x) , (5)
which is proportional to the gradient of the local scale fac-
tor τ(x) of the conformally flat metric (4). The anoma-
lous generation of the electric current by background
magnetic field (5) is the scale magnetic effect (SME) pro-
posed in Ref. [14].
In the electric field background E the anomalous gen-
eration of the electric current resembles the Ohm law [14]:
J = σ(x)E(x) , (6)
with the essential difference that the metric-dependent
anomalous electric conductivity
σ(t,x) = −2β(e)
e
∂τ(t,x)
∂t
, (7)
may take negative values. Equations (6) and (7) deter-
mine the scale electric effect (SEE). It was suggested that
the SEE describes the negative vacuum conductivity as-
sociated with the Schwinger pair production in an ex-
panding de Sitter Universe. Earlier, a negative electric
conductivity has indeed been found for fermionic [16] and
bosonic [17] Schwinger effects.
Notice that the classical electric current induced by
the external electromagnetic field in the conformal back-
ground (4) is identically zero. The scale magnetic (5) and
scale electric (6) effects are related to each other as they
are originating from the same Lorentz-covariant expres-
sion [14]. The corresponding currents are proportional
to the beta function (2). Below we rederive the SME
current (5) using a straightforward calculation based on
a truncated Wigner expansion. This approach will also
allows us to identify possible effects of a nonzero fermion
mass on the anomalous current.
B. Massive fermions
QED with one species of massive Dirac fermions is de-
scribed by the following Lagrangian:
L = −1
4
FµνFµν + ψ¯
(
iγµDµ −m
)
ψ . (8)
With the help of the perturbative methods the trace of
the corresponding energy–momentum tensor can be rep-
resented in the operator form [18]:
Tαα (x) =
β(e)
2e
Fµν(x)Fµν (x) + (1 + γm)mψ¯ψ (9)
+ discontinuous terms ,
where γm = 3αQED/2π + . . . is the mass anomalous di-
mension, αQED = e
2/4π is the fine structure constant,
and the ellipsis denote higher order corrections in αQED.
It is however more illuminating to derive Eq. (9) using
the Fujikawa method in the path integral formalism [15]
which attributes a leading O(α1QED) part of the first
term in Eq. (9) to the contribution from the integration
measure over the fermionic fields. The remaining terms
appear due to virtual photons and non-anomalous con-
tributions originating from the classically non-conformal
mass term of the action (8), which include higher-order
O(αnQED) terms with n ≥ 1.
3The electric current generated by the scale magnetic
effect depends on the expectation value of the trace of
the energy-momentum tensor in the background of the
classical gauge field Aclµ [14]. In the massive theory this
trace includes both anomalous and non-anomalous parts
coming from the quantum measure and the classical ac-
tion, respectively (9). The anomalous part gives the
known contribution to the current (5). As for the non-
anomalous part, we may only say that in the heavy mass
limit (m→∞) the fermions should decouple from the dy-
namics of the model [19] and therefore the contribution
from the non-anomalous part should cancel the anoma-
lous term (5).
Let us consider QED (8) in the classical electromag-
netic field background with the field strength F clµν in ad-
dition to the dynamical photons. Using symmetry prop-
erties as well as dimensional arguments one finds that
the leading terms of the local derivative expansion in the
dimensional regularization give 〈(1 + γm)mψ¯(x)ψ(x)〉 =
C1m
4 + C2 F
cl,µν(x)F clµν (x) + O(m
−2), where the con-
stants C1 and C2 may, in principle, contain a diver-
gent dependence on the parameter ǫ = D − 4 of the
dimensional regularization as well as a dependence on
the dimensional parameter µ through the combination
log (µ/m). The first term in this expression is irrelevant
for the dynamics of the model. The factor in front of
the field-dependent term is then fixed by the decoupling
theorem:
〈
(1 + γm)mψ¯(x)ψ(x)
〉
= const− β(e)
2e
F cl,µν(x)F clµν (x)
+O(m−2) . (10)
This expression is valid in any regularization in the limit,
when both the classical electromagnetic field and gradi-
ents of the metric are smaller than the corresponding
power of the fermion mass m.
Equation (9) is consistent with the existing calcula-
tions of the triangle correlator 〈TJJ〉 of the fermionic
stress tensor T and two external electric currents J which
may alternatively be used to compute the electric current
generated by the scale electric and magnetic effects. The
〈TJJ〉 correlator vanishes in the limit when the large
fermionic mass m exceeds external momenta associated
with the vertices of the triangle diagram [20, 21], thus
indicating that the induced electric current should also
vanish in the m → ∞ limit. It was proposed that the
dependence on the mass m enters the anomalous rela-
tion (3) through the modified effective β function [21]:
β(p2,m2,M2) = −e p2dΠR(p
2,m2,M2)
dp2
, (11)
determined via the renormalized photon self-energy
ΠR(p
2,m2,M2) = Π(p2,m2)−Π(p2 = −M2,m2). (12)
It is worth mentioning, that this definition of the beta
function differs slightly from a standard textbook defini-
tion as the latter is determined by the dependence of the
polarization operator on the mass scale M rather than
on the value of the momentum p. The two definitions
coincide in the ultraviolet limit M →∞. Therefore, the
concrete form of Eq. (11) depends on particularities of
the regularization scheme [21, 22].
Notice that in an alternative heat kernel approach the
correlator 〈TJJ〉 can be computed using different calcu-
lation schemes [22] which give different expressions in the
domain p2 ≪ m2. However, all computations share the
same qualitative feature: the correlator 〈TJJ〉 tends to
zero in the infrared region p2 ≪ m2 [20–22] .
In the present paper we develop the Wigner-Weyl ap-
proach to compute the electric current generated by the
scale magnetic effect. In agreement with the decoupling
theorem, we explicitly demonstrate that the electric cur-
rent of massive fermions contains both anomalous and
non-anomalous contributions which cancel each other ex-
actly in the large mass limit.
III. QED IN CURVED SPACETIME
A. Fermionic lagrangian in curved spacetime
A Dirac fermion field ψ with the mass m in a curved
background is described by the action
S =
∫
d4x
√−gL , (13)
with the following Lagrangian [23]:
L = i
2
[
ψ¯eµaγ
a∇µψ −
(∇µψ¯) eµaγaψ]−mψ¯ψ , (14)
where ∇µψ¯ ≡ (∇µψ)†γ0 and γa are the standard,
coordinate-independent Dirac matrices. The vierbein
(tetrad) field eµa ≡ eµa(x) is related to the spacetime met-
ric gµν as follows: gµν = e
a
µ e
b
ν ηab, where ηab is the met-
ric of the flat Minkowski spacetime and eµa = g
µνηabe
b
ν .
The raising/lowering of the curved spacetime indices (de-
noted by the Greek letters µ, ν, . . . ) and of the flat in-
dices (denoted by the Latin letters a, b, . . . ) of the vier-
bein eµa are done with respect to the curved metric
gµν and the flat metric ηab, respectively. For example,
eµa = gµνe aν = g
µνηabeνb, etc.
The covariant derivative
∇µ = Dµ + Γµ , Dµ = ∂µ + ieAµ , (15)
enforces the invariance of the Lagrangian (14) with re-
spect to the U(1) gauge transformations
ψ(x) → eiα(x)ψ(x) , ψ¯(x)→ e−iα(x)ψ¯(x) ,
Aµ(x) → Aµ(x)− 1e∂µα(x) ,
(16)
and local Lorentz transformations in the curved space-
time xµ → xµ′ = Λµνxν . The latter is done with the help
of the (matrix) spin connection
Γµ = − i
4
ω abµ σab , (17)
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σab =
i
2
[γa, γb] (18)
is the generator of the Lorentz transformations and
ω abµ = e
a
ν Γ
ν
σµe
σb + e aν ∂µe
νb , (19)
with the Christoffel symbols
Γναµ =
1
2
gνβ (∂αgβµ + ∂µgαβ − ∂βgαµ) . (20)
A variation of the Lagrangian (14) with respect to ψ¯ leads
to the covariant Dirac equation:
(ieµaγ
a∇µ −m)ψ = 0 . (21)
Below we consider the conformally flat metric (4). The
corresponding components of the vierbein can be chosen
as follows: e aµ = e
τδaµ so that e
µa = e−τηµa and
eµa = e
−τδµa . (22)
The metric determinant in (13) is g ≡ det gµν = −e8τ .
In the conformally flat metric (4) the spin connection
part (17) in the Lagrangian (14) takes the following form:
eµaγ
aΓµ = γ
aΓa(x), Γa =
3
2
e−τ∂aτ, (23)
where we took into account that ωabµ = δ
a
µ∂
bτ − δbµ∂aτ .
Generally, the curved background affects the fermionic
fields via the volume element
√−g in the action (13),
the vierbein field eµa and the spin connection Γµ in the
Lagrangian (14) and (15). However, in the conformal
background (4) the contribution from the spin connec-
tion drops out from the Lagrangian (14) because the spin
connection (23) is a real-valued vector Γ ∗µ ≡ Γµ propor-
tional to the identity matrix in the spinor space. Then
the Lagrangian (24) gets simplified:
L = i
2
[
ψ¯eµaγ
aDµψ −
(
Dµψ¯
)
eµaγ
aψ
]−mψ¯ψ , (24)
where the electromagnetic covariant derivative Dµ is
given in Eq. (15).
B. Partition function and electric current
We consider fermions in the fixed curved spacetime
given by the metric gµν subjected to the fixed background
of external electromagnetic field Aµ. The fermionic par-
tition function
Z[A, g] =
∫
Dψ¯Dψ eiS
≡
∫
Dψ¯Dψ exp
{
i
∫
d4x ψ¯(x)D[A, g,m]ψ(x)
}
= const · detD[A, g,m] , (25)
is proportional to the determinant of the fermionic oper-
ator D which enters the Lagrangian density (14) in the
action (13):√
−g(x)L(x) = ψ¯(x)D[A, g,m]ψ(x) . (26)
In this article we consider the scale magnetic effect
which arise in thermal equilibrium in static gravitational
field with a time-independent metric (4) in background
of external magnetic field B 6= 0. The electric field is
zero E = 0. Since we consider the system in thermal
equilibrium it is convenient to make the Wick rotation
of the time coordinate x0 → x4 = −ix0 and formulate
the theory in the Euclidean four-dimensional spacetime.
The operator D in the Euclidean space can explicitly be
calculated with the help of Eqs. (15), (22), (24) and (26):
D = − i
2
4∑
µ=1
γµ
[
e3τ(x)
∂
∂xµ
+
∂
∂xµ
e3τ(x)
]
−e3τ(x)
4∑
µ=1
γµeAµ(x) − ie4τ(x)m, (27)
where γµ are the Euclidean Dirac matrices. Correspond-
ingly, we have
Z[A, g]=
∫
Dψ¯Dψ exp
{
−
∫
d4x ψ¯(x)D[A, g,m]ψ(x)
}
. (28)
The local electric current induced by the external
gauge field Aµ in the curved spacetime background gµν
is given by the following variational derivative:
Jµ(x;A, g) = −δ logZ[A, g]
δAµ(x)
. (29)
In the flat space with the Euclidean metric ηµν = δµν
the integration measure over the fermion field Dηψ¯Dηψ
in (28) is independent of the gauge field. In the curved
background with the conformal metric (4) the integration
measure Dgψ¯Dgψ acquires a dependence on the external
gauge field [15]:
Dgψ¯Dgψ = Dηψ¯
τDηψ
τ
· exp
{β1loopQED
2e
∫
d4x τ(x)Fµν (x)Fµν (x)
}
, (30)
where ψτ (x) = e
3
2 τ(x)ψ(x), while
β1loopQED =
e3
12π2
, (31)
is the one–loop QED beta function. Equation (30) orig-
inates from the transformation of measure given in [15]
under Weyl transformations
ψ(x)→ e−3τ(x)/2ψ(x), (32)
gµν(x)→ e2τ(x)gµν(x) . (33)
Since we consider the response of the virtual fermions
on the background electromagnetic field in the vacuum,
5then the background field is assumed to be induced by an
external electric current located outside of the considered
region of space. In this case we have two contributions
to the induced electric current
Jµ(x;A, g) = Jµmeasure(x;A, g) + J
µ
action(x;A, g), (34)
given, respectively, by the one-loop anomalous contribu-
tion from the fermionic integration measure
Jµmeasure(x;A, g) ≡ −
2β(1)(e)
e
Fµν(x)∂ντ(x) ,
+
2β(1)(e)
e
τ(x)∂νF
µν(x) (35)
Here the second line is proportional to the external cur-
rent that creates the given external field. We assume that
it is localized outside the region of observations. The re-
maining contribution comes from the classical action:
Jµaction(x;A, g) = −
δ logZη[A, g]
δAµ(x)
. (36)
where
Zη[A, g]=
∫
Dηψ¯
τDηψ
τe−
∫
d4x ψ¯(x)D[A,g,m]ψ(x) (37)
=
∫
Dηψ¯
τDηψ
τe−
∫
d4x ψ¯τ (x)D[eτA,η,eτm]ψτ (x).
C. The case of massless fermions
One can see, that even for a vanishing mass there may
be an extra contribution to the electric current given by
Jµaction(x;A, g)
∣∣∣
m=0
≡ eτ(x)Tr
[
Gη
δD[Aτ , η, 0]
δAτµ(x)
]
. (38)
where Aτ (x) = eτ(x)A(x) and the Green function
Gη(x, y)=
1
Zη[A, g]
∫
Dηψ¯
τDηψ
τ ψτ (x)ψ¯τ (y) (39)
exp
{
−
∫
d4x ψ¯τ (x)D[eτA, η, 0]ψτ (x)
}
,
satisfies the relation:
D[Aτ , η, 0]Gη(x, y) = δ(4)(x− y) . (40)
The field Aτ (x) gives rise to the “magnetic” field
∂[iA
τ
j]ǫ
ijk0 and to the ”electric” field ∂[0A
τ
k]. According
to the results of [32] in such systems the vacuum current
proportional to the first power of ”magnetic” or ”electric”
field is also proportional to the topological invariant in
momentum space, which is vanishing for the system un-
der consideration. The terms linear in the first deriva-
tives of “magnetic” or “electric” field might appear with
dimensionless coefficient. If exists, such a term would
have the form Jkaction(x) = const e
τ(x)∂i∂
[iAτ,k](x), i.e. it
should be proportional to the electric current that creates
the given external field. Essentially, it is the renormal-
ization of this current due to the quantum fluctuations
as well as due to contribution from the second line in Eq.
(35). In our consideration we assume that such a current
is localized far outside the region of observations. This
assumption ensures that in the relevant order the extra
contribution to the SME current is absent. The terms
proportional to the second power of “magnetic” field in
the conformal limit are to be suppressed as 1/Λ, where
Λ is the ultraviolet cutoff. The same conclusion is valid
for the higher order corrections. Overall, the component
Jkaction vanishes to all orders for the system of massless
fermions.
D. The general case
Below we consider the case of massive fermions, where
the current Jkaction remains nonvanishing. We will explore
the following relation
Jµaction(x;A, g) ≡ Tr
[
G
δD[A, g,m]
δAµ(x)
]
, (41)
where
G(x, y) =
1
Zη[A, g]
∫
Dηψ¯
τDηψ
τ e−3(τ(x)+τ(y))/2
ψτ (x)ψ¯τ (y)e−
∫
d4x ψ¯τ (x)e−3τ(x)/2D[A,g]e−3τ(x)/2ψτ (x), (42)
is the fermionic Green function satisfying the relation:
e3(τ(y)−τ(x))/2D[A, g]G(x, y) = δ(4)(x− y) , (43)
which is equivalent to the following equation:
D[A, g]G(x, y) = δ(4)(x− y) . (44)
According to Eqs. (15), (22) and (24) the variation of
the local operator D with respect to the gauge potential
Aµ in Eq. (41) gives the following ultra-local two-point
operator:(
δD
δAµ(x)
)
(y, z) = −
√
−g(x)eµa(x)γa1lx,y1lx,z
= −e e−3τ(x)γµ1lx,y1lx,z , (45)
where we denoted for compactness
1lx,y = δ
(4)(x− y) . (46)
The first prefactor “e” in the last line of Eq. (45) is the
electric charge. It is then convenient to rewrite the in-
duced electric current (41) in the following compact form:
Jµ(x) = −e e−3τ(x)Try,z
[
G(y, z) · γµ1lx,y1lx,z
]
, (47)
where the exponential prefactor corresponds to a trivial
conformal volume factor coming from the fact the electric
current has the dimension [mass]3.
Technically, our aim is to calculate the electric cur-
rent (47) with the help of the Green function (42) deter-
mined by Eqs. (44) and (27). To this end we will use the
Wigner-Weyl formalism described in the next section.
6IV. WIGNER-WEYL FORMALISM
Let us very briefly review basic features of Wigner
functions and Weyl symbols in quantum mechanics that
we will later use in the quantum field theory. A pedagog-
ical overview of the Wigner-Weyl quantization formalism
may be found, for example, in reviews [24–26]. We choose
the system of units ~ = c = 1 and work in the (3 + 1)
dimensional spacetime.
Let Aˆ be an operator which is a function of the position
operator xˆ and the momentum operator pˆ which obey the
standard commutation rule:
[xˆk, pˆl] = iδkl . (48)
The Weyl symbol A˜ of the operator Aˆ is a function of the
three-dimensional coordinate x and momentum p which
is given by the following Wigner transformation [27–29]:
A˜(x,p)=
∫
d3re−ipr〈x− r/2|Aˆ(xˆ, pˆ)|x+ r/2〉, (49)
which is expressed via matrix elements 〈x|Aˆ|x′〉 of the
operator Aˆ in the basis of wavefunctions |x〉 labelled by
the coordinate x. The Wigner transformations maps op-
erators to functions.
The Wigner function1
W (x,p) =
∫
d3re−ipr〈x− r/2|ρˆ|x+ r/2〉 , (50)
is the Wigner transform (49) of the density matrix op-
erator ρˆ. For pure states ρˆ = |ψ〉〈ψ|, the Wigner func-
tion (50) can be directly expressed via the wavefunctions
ψ(x) = 〈x|ψ〉 as follows:
W (x,p) =
∫
d3re−iprψ(x− r/2)ψ∗(x+ r/2) , (51)
The Wigner-Weyl formalism has many useful features.
A trace of two operators Aˆ and Bˆ is given by a convolu-
tion of their Weyl symbols over the whole phase space:
Tr
(
AˆBˆ
)
=
∫
d3x d3p
(2π)3
A˜(x,p)B˜(x,p) . (52)
Therefore, the expectation value of an operator Aˆ can
be expressed as a convolution of the Weyl symbol of the
operator Aˆ and the Wigner function W :
〈Aˆ〉 ≡ Tr (ρˆAˆ) =
∫
d3x d3p
(2π)3
W (x,p)A˜(x,p) . (53)
Weyl symbols of certain operators are easy to calculate.
For the purposes that will become evident below, let us
consider the following operator
Kˆ(xˆ, pˆ) = Aˆ(pˆ) +
1
2
[B(xˆ)bpˆ+ bpˆB(xˆ)] + Cˆ(xˆ), (54)
1 We rescale the Wigner function in Eq. (50) by the factor (2pi)3
compared to a standard definition [24] in order to keep a conven-
tional form of the phase-space volume in Eq. (53) and thereafter.
where b is a fixed vector, the operator Aˆ is a function
of a momentum operator pˆ only while the operators Bˆ
and Cˆ depend only the coordinate operator xˆ. The Weyl
symbol of the operator (54) is given by the sun of the
corresponding functions:
K˜(x,p) = A(p) +B(x)bp+ C(x), (55)
so that the Weyl transformation (49) for the particular
form of the operator (54) amounts to the simple substi-
tution xˆ → x and pˆ → p. For more complex operators
this is not the case.
The Weyl transform of a product of two operators Dˆ
and Gˆ can be expressed in terms of the Wigner trans-
formations of these operators via the Groenewold for-
mula [30]:
D˜G(x,p) = D˜(x,p) ⋆ G˜(x,p) , (56)
where the Moyal (star) product [31]
⋆ ≡ e i2
↔
∂xp = 1 +
i
2
↔
∂xp − 1
8
↔
∂2xp + . . . , (57)
is essentially an exponentiation of the Poisson bracket
kernel which can be expanded in powers of the double-
derivative operator [29]:
↔
∂xp =
←
∂x
→
∂p −
←
∂p
→
∂x , (58)
that acts both on the left and right sides (for example,
f
↔
∂xpg = ∂xf∂pg − ∂pf∂xg, etc).
Stationary systems may be described by the time-
independent Wigner function (51). Non-stationary pro-
cesses may be treated with the help of the time-
dependent Wigner function W (x,p; t) in which the time
variable enters in a different way compared to the spatial
coordinates. The time evolution of the Wigner function
is determined by the Hamiltonian of the system H via
the Moyal (star) bracket (58) [31]:
i
∂
∂t
W (x,p; t) = H ⋆W (x,p; t)−W (x,p; t) ⋆ H. (59)
Before going into further details we would like to high-
light why the Wigner approach is a particularly useful
method for our problem. We calculate a quantum av-
erage (47) of a current j which is given by a trace of
the product 〈j〉 = Tr [GB] of a Green function G and a
simple operator B. The trace can be calculated as the
convolution (52) of the corresponding Weyl symbols G˜
and B˜. We will see that the Weyl symbol B˜ may be
easily obtained by the Weyl transformation (49) of the
operator B itself, while the Weyl symbol G˜ of the Green
function G may be calculated using the Groenewold for-
mula (56) applied to the identity 1l = DG, where D is an
operator which possesses the Weyl symbol D˜ of a sim-
ple functional form. Since 1˜l ≡ 1, the Groenewold equa-
tion (56) transforms to 1 = D˜ ⋆ G˜ which can be solved it-
eratively with respect to the Green function G˜ in terms of
7the gradient expansion (57) of the exponentiated double-
derivative operator (58). This strategy – which has been
applied first time to Euclidean quantum field theory in
Ref. [32] and is common for non-commutative field theo-
ries [33] – will be realized in the next section.
V. THE NON-ANOMALOUS CONTRIBUTION
TO THE ELECTRIC CURRENT
A. Closed form of electric current
In order to determine the non-anomalous contribution
Jaction to the generated electric current we apply the
Wigner-Weyl formalism to the vacuum of QED in non-
trivial gravitational and electromagnetic backgrounds.
We are interested in stationary effects in thermal equilib-
rium in three spatial dimensions x = (x1, x2, x3) which
may be formulated in Euclidean four-dimensional space
in which the fourth “time” coordinate plays a role of the
imaginary time x4. In order to ensure the validity of the
Wick rotation of our Euclidean results back to Minkowski
spacetime we assume that the electric field is vanishing
(it would otherwise be imaginary in the Euclidean space)
and that the metric is a time-independent quantity.
The Wigner-Weyl formalism may naturally be gener-
alized to the four-dimensional Euclidean space in which
the four-component coordinate operator xˆ = (xˆ1, . . . , xˆ4)
is conjugated with the four-component momentum op-
erator pˆ. This technique, which utilizes the Groenewold
formula (56) and the derivative expansion of the Moyal
product (57) at the level of the Green functions and the
Weyl symbols of the corresponding operators, has been
worked out in details in Ref. [32]. Below we describe
essential details of the approach.
In the coordinate space momentum operator pˆ takes
the familiar form of the derivative operator pˆµ = −i∂xµ
with µ = 1, . . . , 4 and the fermionic operator (27) takes
the following form:
Dˆ(xˆ, pˆ) = 1
2
[
e3τ(xˆ)/ˆp+ /ˆp e
3τ(xˆ)
]
−e /A(xˆ)− ie4τ(xˆ)m, (60)
where we used the standard “slashed” notation /a =∑4
µ=1 γµaµ.
The Weyl symbol of the fermionic operator Dˆ is given
by the Wigner transformation (49):
D˜(x, p) = e3τ(x)[/p− e /A(x)] − ie4τ(x)m, (61)
where we used the fact that the operator (60) matches the
general form of the operator (54) with the known Weyl
symbol (55). Then the Weyl symbol for the fermionic
Green function (42) is formally given by the Wigner
transform (49):
G˜(x, p) =
∫
d4r e−ipr G(x− r/2, x+ r/2) . (62)
This expression assumes that the Green function G is de-
fined in a background of a classical U(1) gauge field Aµ
in a fixed gauge. Therefore one can suggest that Eq. (62)
does not require explicit introduction of a parallel gauge
transport in a form of the Schwinger line P (x, y) which
is an exponentiated gauge field integrated along an open
contour joining the two points of the Green function (62).
Below we explicitly demonstrate that the inclusion of the
Schwinger line does not affect the final result for the elec-
tric current in the magnetic-field background. The pres-
ence of the Schwinger line is more suitable for systems
with dynamical gauge fields [34].
Notice that in addition to the gauge transport line one
could also expect the appearance of the spin connection
transport. However, in the background of the confor-
mally flat metric (4) the spin connection term does not
enter the Lagrangian (24) and therefore the parallel spin
transport is trivial.
The Weyl symbol of the Green function (62) can be
calculated explicitly with the help of the Groenewold for-
mula (56) applied to Eq. (44):
1 = D˜(x, p) ⋆ G˜(x, p) , (63)
with D˜ given explicitly in Eq. (61). The star product in
Eq. (63) is a straightforward generalization of Eqs. (57)
and (58) to the four-dimensional Euclidean space:
⋆ ≡ e i2
↔
∂ = 1 +
i
2
↔
∂ − 1
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↔
∂ 2 + . . . , (64)
with
↔
∂ ≡
↔
∂xp =
4∑
µ=1
(
←
∂ xµ
→
∂ pµ −
←
∂ pµ
→
∂ xµ
)
. (65)
The non-anomalous electric current (47) can be calcu-
lated with the help of a 4d generalization of the convolu-
tion formula (52):
Jµaction(x) = −e e−3τ(x)∫
d4s d4p
(2π)4
tr
[
G˜(s, p)1˜lx(s, p)γ
µ
]
, (66)
where the trace goes over the spinor indices only. The
Wigner transform 1˜lx(s, p) of the product 1lx(y, z) ≡
1lx,y1lx,z of the unit operators (46) can be calculated
straightforwardly with the help of Eq. (49):
1˜lx(s, p) = δ
(4)(x− s) , (67)
where s is the 4d spacetime coordinate and p is the 4d
momentum. Substituting Eq. (67) into Eq. (66) we get
the compact expression for the non-anomalous electric
current via the Wigner transform of the fermionic prop-
agator G˜(x, p):
Jµaction(x) = −e e−3τ(x)
∫
d4p
(2π)4
tr
[
G˜(x, p)γµ
]
. (68)
8Now let us briefly demonstrate that the inclusion of
the parallel gauge transport
P (x, y) = exp
[
ie
∫ y
x
dxµA
µ(x)
]
, (69)
in the definition of the Weyl symbol (62) for the fermionic
Green function (42) gives us the gauge-invariant symbol
G˜inv(x, p) =
∫
d4r e−ipr P (x− r/2, x+ r/2)
G (x− r/2, x+ r/2) (70)
which does not affect the result for the anomalous cur-
rent (68). To this end we choose the contour connecting
the points x − r/2 and x+ r/2 in the form of a straight
line
x¯µ(t) = xµ +
(
t− 1
2
)
rµ , (71)
parameterized by the parameter t ∈ [0, 1]. Taking the
gauge potential of the magnetic field B in the symmet-
ric gauge, Aµ = (−eBx2/2, eBx1/2, 0, 0), we calculate
the Schwinger line (69) with straight open contour (71),
and then we get the following expression for the gauge-
invariant Weyl-symbol (70):
G˜inv(x, p) =
∫
d4r e−ipr ei(x1r2−x2r1)eB/2
G (x− r/2, x+ r/2)
≡ G˜(x, p− p¯(x)) , (72)
where the standard Weyl symbol G˜(x, p) is given in
Eq. (62) and p¯(x) = (Bx2/2,−Bx1/2, 0, 0). The next
step is to calculate the anomalous current (68) using the
invariant Weyl symbol G˜inv of Eq. (72) instead of the
standard symbol G˜. However, shifting the integration
variable p → p + p¯(x) we find that both definitions of
the Weyl symbol (62) and (70) lead to the same current
of Eq. (68). Therefore, the Schwinger line (the parallel
gauge transport) may indeed be ignored in the definition
of the Weyl symbol in the background of the classical
magnetic field.
Below we explicitly calculate the induced electric cur-
rent (68) in the leading order in derivative expansion of
the star product (64). The derivative series correspond
also to a semiclassical expansion in the powers of the
Planck constant ~. The latter is evident from the form
of the exponential operator (64) in which the Planck con-
stant is reinstated: ⋆ = exp{i~2
↔
∂ }.
B. Electric current in the leading order
The electric current is given in Eq. (68) where the
Wigner transform of the fermionic propagator G˜(x, p) is
completely determined by Eqs. (61), (63), (64) and (65).
The Groenewold equation (63) for G˜ can be solved iter-
atively in terms of the series:
G˜ = G˜(0) + G˜(1) + G˜(2) + . . . . (73)
Notice that the iterative solution is a derivative ex-
pansion (64) as each power of the double-faced deriva-
tive (65) gives one power of a spatial derivative of either
the conformal factor τ(x) or electromagnetic field Aµ(x).
The n-th order term G˜(n)(x, p) is a local function of x
and p proportional to the products of derivatives over x of
the form (∂l1τ(x)) . . . (∂lLτ(x))(∂mMA(x)) . . . (∂m1A(x))
where the sum over the positive integers numbers liand
mi equals to the order of the expansion, l1 + · · · + lL +
m1+· · ·+mM = n. The electric current generated by the
scale magnetic effect is given by the first-order (linear) re-
sponse both in the conformal factor τ and in the electro-
magnetic field, ∂ατ∂βAγ , so that that the effect appears
in the second-order term G˜(2) in the expansion (73).
The zero-order term in the expansion (73) is the
usual (algebraic) inverse of the Weyl symbol (61) of the
fermionic operator Dˆ:
G˜(0)(x, p) = D˜−1(x, p) ≡ 1/D˜(x, p) (74)
=
[/p− e /A(x)] + ieτ(x)m
[p− eA(x)]2 + e2τ(x)m2 e
−3τ(x) .
By expanding the Groenewold equation (63) in powers
of the double derivative
↔
∂ , we express – via the Weyl
symbol (61) and its inverse (74) – the first order term:
G˜(1) = − i
2
D˜−1
(
D˜
↔
∂ D˜−1
)
, (75)
and then the second order term
G˜(2) = G˜
(2)
I + G˜
(2)
II , (76a)
G˜
(2)
I = −
1
4
D˜−1
{
D˜
↔
∂
[
D˜−1
(
D˜
↔
∂ D˜−1
)]}
, (76b)
G˜
(2)
II =
1
8
D˜−1
(
D˜
↔
∂ 2D˜−1
)
. (76c)
The second-order term (76) can further be rewritten
as follows:
G˜
(2)
I =−
1
4
(
Rµ∂pµ − Cµ∂xµ
)[(
CνRν −RνCν
)
D˜−1
]
, (77a)
G˜
(2)
II =
1
8
[
Rµν
(
CµCν + CνCµ − Cµν
)
+Cµν
(
RµRν +RνRµ −Rµν
)
(77b)
−Sµν
(
2RµCν + 2CνRµ − Sµν − Sνµ
)]D˜−1.
where
Rµ = D˜−1∂xµD˜ , Cµ = D˜−1∂pµD˜ , (78a)
Rµν = D˜−1∂xµ∂xν D˜ , Cµν = D˜−1∂pµ∂pν D˜ , (78b)
Sµν = D˜−1∂pµ∂xν D˜ . (78c)
9In deriving Eq. (77) we used the following identities:
∂xµD˜−1 = −RµD˜−1, ∂pµD˜−1 = −CµD˜−1, (79a)
∂xµ∂xν D˜−1 =
(
RµRν +RνRµ −Rµν
)D˜−1, (79b)
∂pµ∂pν D˜−1 =
(
CµCν + CνCµ − Cµν
)D˜−1, (79c)
∂pµ∂xν D˜−1 =
(
CµRν +RνCµ − Sµν
)D˜−1. (79d)
Notice that the quantities (78) are matrices in the spinor
space and therefore in general they do not commute with
each other. Moreover, Sµν 6= Sνµ, while Rµν ≡ Rνµ and
Cµν ≡ Cνµ.
Using the relations
∂xµRν = Rµν −RµRν , ∂pµCν = Cµν − CµRν , (80a)
∂pµRν = Sµν − CµRν , ∂xµCν = Sνµ −RµCν , (80b)
we rewrite Eq. (77a) as follows:
G˜
(2)
I = −
1
4
[
Rν
(
Cµν −
{
Cµ, Cν
})
Rµ (81)
−Rν
(
Sνµ −
{
Rµ, Cν
})
Cµ
+Cν
(
Rµν −
{
Rµ, Rν
})
Cµ
−Cν
(
Sµν −
{
Cµ, Rν
})
Rµ
−Rν
[
Cµ, Rµ
]
Cν + Cν
[
Cµ, Rµ
]
Rν
+
[
Rµ, Cν
]
Sµν −RµRνCµν − CµCνRµν
]
,
where[
A,B
]
= AB −BA, {A,B} = AB +BA, (82)
are, respectively, the commutator and anticommutator.
The second-order correction G˜(2) is now equal to the
sum (76a) of the two terms G˜
(2)
I and G˜
(2)
II given, respec-
tively, in Eqs. (77b) and (81). Since these terms do not
contain external derivatives, we should expand them in
the powers of the derivatives and keep eventually the
terms containing the product ∂µτ∂νAα. As one can see
from the explicit definitions (61) and (78), the relevant
terms enter the S and R quantities:
Sµν(x, p) = 3Cµ(x, p)∂ντ(x), (83a)
Rµ(x, p) =
[
3− im
D˜(x, p)
]
∂µτ(x)−Cν(x, p)∂µAν(x), (83b)
Rµν(x, p) = −3∂{µ,τ(x)∂ν}Aα(x)Cα(x, p). (83c)
In Eq. (83c) all irrelevant terms with double derivatives
are not shown. The symmetrization with respect to the
Lorentz indices is denoted by the curly brackets.
Equation (83) indicates that every term in the second-
order corrections to the Weyl symbol of the Green func-
tion, Eqs. (77b) and (81) contains the required combi-
nation of the derivatives ∂µτ∂νAα. Since we are looking
for the terms bilinear in τ and Aµ, we keep the men-
tioned combination while setting τ and Aµ to zero in the
prefactors of these terms. Denoting the latter with the
superscript “(0)”, one then immediately gets for the S
and R Lorentz structures (83) the following expressions:
S(0)µν (x, p) = 3Pµ(p)∂ντ(x), (84a)
R(0)µ (x, p) =
[
3−imP0(p)
]
∂µτ(x)−Pν(p)∂µAν(x), (84b)
R(0)µν (x, p) = −3∂{µ,τ(x)∂ν}Aα(x)Pα(p), (84c)
where
Pµ(p) ≡ C(0)µ (p) = lim
τ→0
lim
A→0
Cµ(x, p), (85)
is the vector Cµ given by the second expression in
Eq. (78a) in flat space in the absence of external elec-
tromagnetic field.
Using the explicit form of the Weyl symbol D˜ of
the fermionic operator (61) and the second relation in
Eq. (78a) we explicitly get for Eq. (85):
Pµ(p) =
1
p2 +m2
(/p+ im)γµ , (86)
where γµ are Euclidean gamma matrices for µ = 1, . . . , 4
and γ0 ≡ 1l is a unit matrix.2 In addition, we notice that
the Weyl symbol D˜ is a linear function of the momen-
tum p, the second relation in Eq. (78b) gives us Cµν ≡ 0.
Finally, we substitute the Lorenz structures (84c) and
(85) into the second-order corrections to the Weyl symbol
of the Green function, Eqs. (77b) and (81), sum them up
and put the result into the definition of the induced elec-
tric current (68). Then, in order keep the second-order
corrections only, we set τ = 0 in the volume prefactor
of the current (68), and after algebraic manipulations we
get the following compact expression for the generated
non-anomalous electric current:
Jaction,µ = − ime
2
4
∂τ
∂xα
∂Aβ
∂xν
∫
d4p
(2π)4
tr (PµPναβ) , (87)
where the trace is taken over the spinor space while the
tensor structure
Pναβ = {{P0, Pν}, {Pα, Pβ}}+ {[P0, Pα], [Pν , Pβ ]}
−{{P0, Pβ}, {Pν , Pα}}, (88)
is given in terms of the commutators and anticommuta-
tors (82) of the matrices (86).
The electric current (87) is invariant under the U(1)
gauge transformations (16) since the expression under
the integral in Eq. (87) is antisymmetric with respect to
the interchange of the indices β and ν. The latter fact can
be checked directly by manipulation of Eq. (88). There-
fore the derivative ∂νAβ in Eq. (87) appears always in a
form of the gauge-invariant electromagnetic field tensor
∂νAβ − ∂βAν ≡ Fνβ .
2 For convenience we complemented the four-vector (86) with the
fifth µ = 0 component. In the Euclidean space our choice γ0 ≡ 1l
does not interfere with the γ0 matrix of the Minkowski space.
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Substituting Eq. (86) into Eq. (88) and taking the trace
over the spinor indices we get the electric current (87):
Jaction,µ = −α(m)e2Fµν∂ντ , (89)
where the prefactor α(m) is given by the integral:
α(m) = 4m2
∫
d4p
(2π)4
(p2 + 2m2)
(p2 +m2)4
, (90)
which evaluates to a finite mass-independent quantity:
α(m) =
1
6π2
, (91)
We would like to remind that despite Eq. (89) has a vis-
ibly covariant 4-tensor form, our Euclidean derivation is
formally valid only for the spatial indices µ and ν which
do not allow us to consider either a nonzero background
electric field, E or time-dependent conformal metric fac-
tor τ = τ(t). Restricting ourselves to the case of the pure
magnetic field background B 6= 0 in spatially inhomoge-
neous curved space τ = τ(x) we obtain from Eqs. (89)
and (91) the following non-anomalous contribution to the
electric current in massive QED:
Jaction = − e
2
6π2
∇τ ×B . (92)
Taking into account the value of the one-loop QED beta
function (31), we find that the part of the electric cur-
rent (92) cancels precisely the one-loop anomalous part:
Jmeasure =
2β1loopQED
e
∇τ(x) ×B(x) , (93)
which is coming from the integration measure (35).
Therefore in the limit of heavy fermions the electric cur-
rent generated by the SME vanishes:
J = Jmeasure + Jaction = 0 +O
(
∂2/m2
)
, (94)
where the second term denotes higher-derivative terms
which are suppressed in the large-mass limit. These
terms appear naturally in the derivative series (73) which
define iteratively the Wigner transform of the fermionic
propagator as the solution of the Groenewold equa-
tion (63).
VI. DISCUSSIONS AND CONCLUSION
In our paper we discuss the scale magnetic effect
(SME) which generates a vacuum electric current in ex-
ternal magnetic field in a curved spacetime [14]. The ori-
gin of the effect is the conformal anomaly which breaks,
at the quantum level, a conformal symmetry in classi-
cally conformal gauge theories. This effect has already
been considered in the QED with massless fermions. In
our paper we ask the natural question what happens with
the SME if the fermions are massive so that the confor-
mal invariance is already explicitly broken at the classi-
cal level. In particular, we consider the limit when the
fermion mass m is much larger than the scale of external
magnetic field m2 ≫ |B| and the scale of the spatial gra-
dient the conformal factor τ of the metric, m ≫ |∇τ |.
This limit is opposite to the classically conformal case
considered in Ref. [14].
We demonstrate that the anomalous electric current
generated by the massive fermions can conveniently be
calculated by the Wigner-Weyl formalism which gives the
derivative series inversely proportional to increasing pow-
ers of the fermion mass m. We have found that there are
two contributions to the electric current generated by the
SME.
The first contribution Jmeasure comes from the integra-
tion measure over the fermionic fields. This current has
the anomalous nature because the measure is not invari-
ant under conformal (Weyl) transformations in the pres-
ence of the background electromagnetic field [15]. As a
result, the anomalous contribution Jmeasure does not de-
pend on the fermion mass because the quantum measure
is independent of the details of the classical fermionic
action. At small fermion masses the anomalous term
provides the major contribution to the SME current.
The current Jmeasure should also contain contributions
induced by exchanges by virtual photons. These loop
corrections are not considered in the present paper since
they are suppressed by higher orders of the fine structure
constant αQED.
The second contribution Jaction originates from the
classically nonvanishing terms in the trace of energy-
momentum tensor. These terms appear due to the ex-
plicit breaking of the scale invariance at the level of the
classical Lagrangian. Despite our derivation involved in-
tegrals in unbounded momentum space, the second con-
tribution to electric current is a finite quantity both in
ultraviolet and infrared regimes. The absence of the ul-
traviolet divergencies implies that the anomalous current
does not require regularization and subsequent renormal-
ization. Our result was obtained in the classical elec-
tromagnetic field background Aµ in the leading order of
the Wigner expansion. Next, higher-order terms in the
Wigner expansion would correspond to (spatial) deriva-
tive series in terms of the electromagnetic gauge field
Aµ and conformal factor τ . Quantum fluctuations of
the electromagnetic field on top of the classical magnetic
background would generate perturbative series over elec-
tromagnetic coupling e at each given order of the Wigner
expansion. We expect that the perturbative series would
generate standard ultraviolet divergences which will be
absorbed into renormalization of the gauge coupling e.
Thus, due to renormalisability of QED, we expect that
in the leading (lowest-derivative) order of the Wigner ex-
pansion the quantum corrections would lead to renormal-
ization of the electric charge without qualitative altering
of the expression for the anomalous electric current (92).
We have explicitly found that for massive fermions the
electric currents Jmeasure and Jaction, originating, respec-
tively, from the anomalous symmetry breaking and from
the explicit symmetry breaking, cancel each other in the
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leading order in the number of derivatives. Therefore, for
sufficiently heavy fermions the SME should be strongly
suppressed. This conclusion is in agreement with the de-
coupling theorem for the massive particles [19].
It is clear that the apparent Euclidean covariant struc-
ture of the generated current (89) is common both for
the scale magnetic (5) and scale electric (6) effects [14].
Therefore we believe that our conclusion may also be
valid for the scale electric effect which has not been ex-
plicitly discussed in this paper.
Finally we notice that there is a potential possibility
to observe the scale magnetic effect in tabletop labora-
tory experiments with Dirac andWeyl semimetals. These
materials possess both crucial ingredients, as they host
relativistic massless fermionic excitations subjected to
gravitational field background. The relativistic fermions
emerge naturally due to topological properties of the elec-
tronic band structure of these materials [35] while the
emergent gravity may be induced by elastic deformations
of their crystal structure [36]. The latter effect is very
common for many solid state systems [37]. Thus, elasti-
cally deformed topological materials may provide a useful
experimental tool to study a plethora of properties [23]
of relativistic quantum field theory in curved space-time,
including the scale magnetic effect.
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